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Abstract
Given a compact set S ⊂ R2, we define the annular width function for S, denoted w(E), as the width of the
annulus of support of S centered at E ∈ R2, where R2 is an extension of the real plane R2. The annular
breadth of S is defined as the absolute minimum of w(E). We find the 2-segment polygonal arc with the
greatest annular breadth.
For a given set S ⊂ R2, an exit path of S is a curve that cannot be covered by the interior of S. Given
an annulus, we find its shortest 1- or 2-segment polygonal arc exit path(s).
Bezdek and Connelly provided a lengthy and technically demanding proof that All orbiforms of width 1
are translation covers of the set of closed planar curves of length 2 or less. We provide a short and simple
proof that All orbiforms of width 1 are covers of the set of all planar curves of length 1 or less. We also
provide a proof that The Reuleaux triangle of width 1 is a cover of the set of all closed curves of length 2
using a recent of Wichiramala.
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Chapter 1
Introduction
1.1 The Broadworm and Annular Breadth
Given a family F of figures and shape S, Wetzel [Wet03] describes the problems of finding the largest
congruent copy of an F ∈ F that fits in S and finding a set with the same shape as S that covers every
member of F and is optimal in area, perimeter, or some other specified sense. In R2, with S an infinite strip
and F the family of unit length arcs, we arrive at a classical problem posed by Bellman [Bel56]. Bellman
asked, for any unknown initial point in an infinite strip of known width, what path minimizes the maximum
time to reach the boundary of the strip? A path with at least one point interior to a given set that is
certain to intersect the boundary of the set is called an exit path. Thus, Bellman’s goal was to find the
shortest exit path of an infinite strip. This problem was answered directly by Zalgaller [Zal61] and then
subsequently and independently by Klo¨tlzer [Klo¨86] and Adhikari and Pitman [AP89]. The solution curve
was also independently discovered by Schaer [Sch68] who was answering a second dual question: what is the
broadest curve of length 1? Recalling that the breadth of an object is the width of the thinnest infinite strip
that covers it, the duality is seen by noting that the shortest exit path of an infinite strip of width b must
have breadth b. When scaled properly, the solution curve to these dual questions simultaneously takes on
the role of the broadest curve of a given length and the shortest exit path of a given infinite strip. Thus,
the curve known as the broadworm was discovered.
Figure 1.1: The broadworm is composed of 4 linear and 2 circular arcs. Scaled to unit length, it has a
breadth of about 0.43893 [Sch68].
1
Here, we consider a different definition of breadth that we call annular breadth. Where breadth asks
for the width of the thinnest infinite strip that covers a curve, annular breadth asks for the width of the
thinnest annulus, or minimal annulus. We consider annular breadth a generalization of the classical concept
of breadth since annuli approach infinite strips as their radii tend toward infinity. One may wish to re-ask the
dual questions above that led to the broadworm and apply the proofs in previous works to find an analogous
curve for annular breadth. However, proofs such as those in [Sch68] and [AP89] use the fact that the breadth
of a curve is the breadth of its convex hull. Unfortunately, no such connection between the annular breadth
of a curve and its convex hull can be made. Thus, we ask discrete versions of these questions, as was done
by Panraksa, Wetzel, Wichiramala [PWW07a] for the classical breadth versions. We define a hinge as a
polygonal arc with at most 2 segments and ask:
• What hinge of given length has the largest annular breadth?
• Given an annulus, what is the shortest exit hinge?
Will each of these questions somehow separately lead us to the same hinge scaled to meet our needs? It
becomes clear as we progress through our results that the duality of these questions is broken once we switch
from breadth to annular breadth.
Our methods do not answer the question of the continuous arc of a given length with the largest annular
breadth. However, if we consider the question of the shortest exit path of a given annulus, it seams clear
that our results will be an approximation in some cases; the shortest exit curve of an annulus with near
infinite radii should be similar in shape to the broadworm. In the converse case where the inner radius of
the annulus is set to zero, the shortest exit curve is the same as that of a circular disc: a segment with
length equal to the set’s diameter, a one-segment hinge. It is our conjecture that for a subset of all annuli,
the shortest exit path is a one-segment hinge.
The concepts of width and minimum width (here minimum width is called breadth) have been studied
extensively. For references on width and the related topics of convexity and the support function, we refer the
reader to the classical works of Bonnesen and Fenchel [BF87], Eggleston [Egg58], Santalo´ [San76], Schneider
[Sch93], and Gardner [Gar95].
There is a vast library of work on the topics of exit paths, covers, and the broadworm. Most, if not
all, stem from the classic problems posed by Bellman [Bel56] mentioned earlier and Moser [Mos66] (see also
[Mos91]). Moser asked the simply stated but frustratingly difficult question: What is the set with least
area that covers every arc of length 1? For more on these topics beyond those already mentioned [Zal61],
[Sch68], [Klo¨86], [AP89], [Wet03], and [PWW07a], we refer the reader to Finch and Wetzel [FW04]; Johnson,
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Poole, and Wetzel [JPW04]; Wetzel [Wet05]; Maki, Wetzel, and Wichiramala [MWW05]; Panraksa, Wetzel,
Wichiramala [PWW07b]; Sroysang, Wetzel, and Wichiramala [SWW08], and Alexander [Ale09].
1.2 A Short History of Annular Breadth
In manufacturing, the standard method for measuring circularity, or out-of-roundness, is to find the annular
breadth of a set of points sampled from the surface [Kru12]. Thus, the field of computational metrology has
had great interest in the minimal annulus of a set of points, which according to Bonnesen and Fenchel [BF87],
was first considered in 1884 by D’Ocagne [D’O84]. Researchers in the fields of computational metrology and
computational geometry have worked in conjunction to find an optimal algorithm for determining the center
of a minimal annulus containing a set of points. Dı´az-Ba´n˜ez, Mesa, and Scho¨bel [DBMS04] have constructed
a comprehensive history of these works. Although not restricted to sets of points and not directly referenced
in the earlier works from the computational researchers, we refer the reader to Rivlin [Riv79]. Rivlin’s
results were recognized later as a second established justification for the use of Voronoi diagrams developed
independently by Ebara et al. [EFNN89], Wainstein [Wai86], and Roy and Zhang [RZ92]. Other important
works are Yap [Yap87], where near Voronoi diagrams are constructed for points and linear and circular
segments, and Smid and Janardan [SJ99], who seem to be the first in the field to consider slabs for annuli
with centers “at” infinity. Lastly, we note Le and Lee [LL91] and Swanson, Lee, and Wu [SLW95] who each
found algorithms for finding the minimal annulus of simple closed polygonal arcs; however, their definition
of a minimal annulus does not allow for the center to be outside of their closed arc.
A second field of related research concerns the minimal difference in radii of concentric balls centered in
the interior and containing the boundary of a convex body. The existence and uniqueness of this minimum
shell in R2 and R3 was proven early on by Bonnesen [Bon24], Kritikos [Kri27], and Bonnesen [Bon29]. Later,
Ba´ra´ny [Ba´r88] proved existence and uniqueness for the minimum shell in Rn. Bonnesen [BF87] is once again
a good early reference as well. Attention has been given to finding bounds for the invariant properties of a
convex curve in the plane given its minimal annulus. In [Bon24], [Bon29], and Favard [Fav29], the bounds
for the curve’s isoperimetric deficit were determined. The bounds for a convex curve’s area and perimeter
are found given the curve’s minimal annulus in Favard [Fav30]. In Herna´ndez Cifre and Herrero Pin˜eyro
[CP06], bounds for a convex curve’s diameter, width, circumradius, and inradius are found given the curve’s
minimal annulus. This paper was followed by [CP07] and [CP10] where these bounds were revisited when
along with the minimal annulus, the inradius or circumradius of the curve (respectively) are also known.
Zucco [Zuc89] [Zuc90] has proven that a typical convex body in Rn, in the sense of Baire categories, intersects
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the boundary of its minimal shell at n+ 2 points. Finally, Peri and Zucco [PZ92] and Peri [Per93] consider
minimal shells that are bounded by the shape of a predetermined smooth convex body (instead of the typical
spheres) which they call a convex shell. They prove the existence and uniqueness of a minimal convex shell
for a given convex body and prove that the Baire category results from [Zuc89] and [Zuc90] still apply.
1.3 Main Results and Summary of Proof
1.3.1 Maximizing the Annular Breadth of a Hinge
After formally introducing the concept of annular width for any compact set in R2, we show that the annular
width, considered as a function over a compactification of R2, is continuous. Concluding that a minimum
value exists and is achieved, we define the annular breadth as the minimum annular width over all possible
centers.
Based on results in Rivlin [Riv79] and guided by previous literature’s use of Voronoi diagrams and medial
axes (see [Wai86] [EFNN89] [RZ92] [Yap87] [LL91]), we find the point in R2 where the radial separation of
the supporting annulus of a given hinge is minimal. We conclude that the minimal annulus of the hinge
is either centered at this point in R2 or at infinity. Comparing the breadth and the width of the thinnest
support annulus centered in R2 leads to a closed-form equation for the annular breadth of any given hinge.
We maximize the equation for the annular breadth of a hinge while treating it as a function of two
variables. Considering symmetric hinges with a fixed total length, we find the symmetric hinge with the
largest annular breadth, which has an angle of
cos
−1
(
−1 + 2√2
2
)
≈ 23.9 ◦
between its segments. However, this symmetric hinge is not the hinge with the greatest annular breadth.
For a given total length, we find the hinge with the greatest annular breadth which has one segment that is
1/3 of its total length and has an angle of
cos
−1 (− 1 +√3) ≈ 42.9 ◦.
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Figure 1.2: The symmetric and non-symmetric hinges of length γ with the largest annular breadth.
1.3.2 Minimizing the length of a hinge exit path for an annulus
For a given annulus we introduce two fixed hinges, Γ1 and Γ2. The hinge Γ1 is a segment congruent to a
chord of the outer circle that is tangent to the inner circle; Γ2 is a symmetric non-degenerate hinge whose
edge lengths and angle are determined by the unique intersection of the graphs of two given functions defined
using the radii of the given annulus.
We show that Γ1 is an exit hinge for any given annulus. In the search for a potentially shorter two-segment
exit hinge, we determine bounds for its angle based on the radii of the annulus.
We determine that if the modulus of the annulus, m = r/R, is less than (−1 +√3)/2, then these bounds
overlap and there is no hinge shorter or with the same length as Γ1 that is also an exit hinge. We conclude
that for these thick annuli, Γ1 is the only shortest exit hinge.
Figure 1.3: The hinge Γ1 is the only shortest exit hinge of thick annuli.
For all other annuli, we prove that Γ2 exists, is unique, and is an exit hinge of the given annulus. We
note that the lengths of Γ1 and Γ2 coincide only when m = (−1 +
√
3)/2. For these neutral annuli, Γ1 and
Γ2 are the only shortest exit hinges.
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Figure 1.4: The hinge Γ1 is a shortest exit hinge for neutral annuli.
Figure 1.5: The hinge Γ2 is also a shortest exit hinge for neutral annuli.
Considering the remaining thin annuli with m > (−1 +√3)/2, we show that any other hinge with length
less than or equal to that of Γ2 is not an exit hinge. We conclude that Γ2 is the only shortest exit hinge for
thin annuli.
Figure 1.6: The hinge Γ2 is the only shortest exit hinge for thin annuli.
1.3.3 Orbiforms as Covers
We conclude with two covering theorems of a somewhat different type. They concern covering families of
curves with orbiforms. These theorems follow from a theorem of Bezdek and Connelly [BC89]. However,
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the only proof known for this theorem is lengthy and technically demanding. We provide a short and simple
proof for our first theorem. The proof of our second theorem connects Bezdek and Connelly’s result to a
very recent result of Wichiramala.
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Chapter 2
Maximizing the Annular Breadth of a
Hinge
2.1 Annular Width and Breadth for General Compact Sets
2.1.1 The Definition of Annular Width
Definition 2.1. For the unit-sphere centered at (0, 0, 1) in R3, consider the open and closed lower hemi-
spheres with topologies induced from R3. Homeomorphically identify R2 with the open hemisphere via pro-
jection from the center of the sphere onto the xy-plane. For each ray originating from the origin in R2,
identify a new point that corresponds to the equatorial point at the end of the corresponding circular arc in
the closed hemisphere. We define the extended Euclidean plane, R2, by adding these points to R2. Thus R2
is identified with and taken to be homeomorphic to the closed hemisphere, which is compact.
For any point E ∈ ∂R2, consider the circular arc in the closed hemisphere between the origin and the
corresponding equatorial point. Define YE in the unit circle S
1 such that
−−→
OYE is the corresponding ray in
R
2.
For a given compact set S, we employ the support function of S, denoted h (−⇀v ). Recall for a unit vector
−⇀v , h (−⇀v ) is the signed distance in the −⇀v direction between the origin and the boundary of the smallest
closed half plane (in terms of containment) with outward normal −⇀v that contains S.
Definition 2.2. For a given compact set S ⊂ R2 and point E ∈ R2, define the outer ball of support of
S centered at E, Bout(E), as the closed ball centered at E with radius R(E) such that S ⊆ Bout(E) and S
intersects ∂Bout(E). Define the inner ball of support of S centered at E, Bin(E), as the open ball centered
at E with radius r(E) such that S ∩ Bin(E) = ∅ but S intersects ∂Bin(E). We have
R(E) = max
S∈S
d(E,S) and r(E) = min
S∈S
d(E,S).
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Figure 2.1: The definitions of R(E), r(E), Bout(E), and Bin(E) when E ∈ R2.
Definition 2.3. For a given compact set S ⊂ R2 and point E ∈ ∂R2, define the outer ball of support of S
centered at E as
Bout(E) =
{
X ∈ R2
∣∣∣−−⇀YEO · −−⇀OX ≤ h(−−⇀YEO)}
so that S ⊆ Bout(E) and S intersects ∂Bout(E). Define the inner ball of support of S centered at E as
Bin(E) =
{
X ∈ R2
∣∣∣−−⇀OYE · −−⇀OX > h(−−⇀OYE)}
so that S ∩ Bin(E) = ∅ but S intersects ∂Bin(E).
Figure 2.2: The definitions of Bout(E) and Bin(E) when E ∈ ∂R2.
Definition 2.4. For a given compact set S ⊂ R2 and point E ∈ R2, the annulus of support of S at E ∈ R2
is the set
Ann(E) = Bout(E)− Bin(E).
Define the outer circle of support of S centered at E and the inner circle of support of S centered at E ,
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denoted Out(E) and In(E), as the boundaries of Bout(E) and Bin(E) respectively.
Figure 2.3: Examples of annuli of support of S with E1 ∈ R2 and E2 ∈ ∂R2.
Definition 2.5. For a given compact set S ⊂ R2 and point E ∈ R2, the annular width of S at E ∈ R2,
denoted by w(E), is the width of Ann(E):
w(E) =

R(E)− r(E) if E ∈ R2
h
(−−⇀
YEO
)
+ h
(−−⇀
OYE
)
if E ∈ ∂R2.
Figure 2.4: The annular width of S with E1 ∈ R2 and E2 ∈ ∂R2.
2.1.2 The Width Function and Breadth
Here we recall the well known definitions of width and breadth. To differentiate from annular width and
annular breadth in notation, we include a subscript c to stand for classical.
Definition 2.6. For a given compact set S ⊂ R2 and point Y ∈ S1, the width of S with respect to Y , denoted
wc(S, Y ), or just wc(Y ) when the meaning clear, is defined as the distance between the two parallel lines of
10
support of S perpendicular to
−−⇀
OY . Using the support function of S we have:
wc(Y ) = h
(−−⇀
YO
)
+ h
(−−⇀
OY
)
.
The breadth of S, denoted by bc(S), or just bc when the meaning clear, is defined as:
bc = min
Y ∈S1
wc(Y ).
The minimum of wc(Y ) exists due to continuity. The continuity of wc(Y ) is a well known fact. Comparing
Definition 2.6 and Definition 2.5 we have:
Proposition 2.7. For a given compact set S ⊂ R2, if E ∈ ∂R2 then w(E) = wc(YE).
2.1.3 Annular Breadth and General Results
Since w(E) is continuous in E for a given compact set (see Appendix 5.2.2), we have:
Theorem 2.8. For a given compact set S ⊂ R2, there exists E1 ∈ R2 such that w(E1) ≤ w(E) for all
E ∈ R2.
Definition 2.9. For a given compact set S ⊂ R2, the annular breadth of S, denoted by b(S) or b when the
meaning is clear, is given by:
b = min
E∈R2
w(E).
Any annulus of support of S with width b will be called a minimal annulus of S.
Corollary 2.10. For any given compact set S ⊂ R2, b ≤ bc.
Proof. Starting with Definition 2.6 and then applying Proposition 2.7 we have:
bc = min
Y ∈S1
wc(Y )
= min
E∈∂R2
w(E)
≥ min
E∈R2
w(E)
= b
Corollary 2.11. For a given compact set S ⊂ R2, let E ∈ R2 be chosen so that Ann(E) is a minimal
annulus of S. If b < bc, then E ∈ R2.
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Proof. We show that the contrapositive statement is true: If the center of minimal annulus Ann(E) has
E ∈ ∂R2, then b = bc. Let Ann(E1) be a minimal annulus of S with E1 ∈ ∂R2. Then applying Proposition 2.7
we have:
b = w (E1)
= min
E∈∂R2
w(E)
= min
Y ∈S1
wc(Y )
= bc
Here we state a very helpful theorem from T. J. Rivlin’s Approximation by Circles [Riv79]. We have
translated notation to match our own.
Theorem 2.12. Given a compact set S ⊂ R2, let E ∈ R2 be such that Ann(E) is a minimal annulus of S
with 0 < r(E) < R(E). Then there exist two positive integers m and n with m + n ≤ 4, positive numbers
λ1, . . . , λm+n, distinct points S1, . . . , Sm in S ∩ In(E), and distinct points Sm+1, . . . , Sm+n in S ∩ Out(E)
such that:
m+n∑
j=1
λj = 1, (2.1)
m∑
j=1
λj =
m+n∑
j=m+1
λj , (2.2)
and
m∑
j=1
λj
−−⇀
OYj =
m+n∑
j=m+1
λj
−−⇀
OYj , (2.3)
where each Yj ∈ S1 is fixed so that −−⇀OYj =
−−⇀
ESj∣∣∣−−⇀ESj∣∣∣ for each Sj.
In consequence, Rivlin [Riv79] remarks on the minimal annulus of a compact set S. We gather these
remarks in Corollary 2.14. We provide the following definition first however:
Definition 2.13. For distinct points E, X1, X2, X3, and X4 in R
2, the sets {X1, X2} and {X3, X4} are
inseparable as viewed from E if the interior of a region bounded by the rays
−−→
EX1 and
−−→
EX2 intersects the
interior of a region bounded by the rays
−−→
EX3 and
−−→
EX4.
Corollary 2.14. Given a compact set S ⊂ R2, let E ∈ R2 be such that Ann(E) is a minimal annulus of S
with r(E) < R(E). One of the following must be true:
Condition 1: There exist S1 ∈ S ∩ In(E) and S2 ∈ S ∩ Out(E) such that S1 ∈ ES2
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or
Condition 2: There exist sets {S1, S2} ⊆ S∩In(E) and {S3, S4} ⊆ S∩Out(E) such that {S1, S2} and {S3, S4}
are inseparable as viewed from E.
Figure 2.5: The two possible ways that the boundary of a minimal annulus centered in R2 can intersect a
compact set S.
Proof. Since Rivlin gives only a brief indication in [Riv79], we provide a proof for completeness.
First, if r(E) = 0, then E = S1 for some S1 ∈ S. Then for any S2 ∈ S ∩ Out(E), we have S1 = E ∈ ES2
so that Condition 1 is met.
Now we assume that r(E) > 0 and apply Theorem 2.12. We consider each possible value of m+ n. We
cannot have m+ n = 1 since m and n are positive integers.
Letting m+ n = 2, we have m = 1, n = 1, λ1 = λ2 =
1
2 , and
1
2
−−⇀
OY1 =
1
2
−−⇀
OY2.
This only occurs if S1 ∈ ES2 so that Condition 1 is met.
If m + n = 3, we must have m = 2 and n = 1 (or vice versa). Without loss of generality we assume
m = 2 and n = 1 and see that equations (2.1) and (2.2) imply
λ1 + λ2 = λ3 =
1
2
and equation (2.3) becomes
λ1
−−⇀
OY1 + λ2
−−⇀
OY2 = λ3
−−⇀
OY3.
Since λ1 + λ2 = λ3, we must have
−−⇀
OY1 =
−−⇀
OY2 =
−−⇀
OY3 which implies S1 = S2, a contradiction. We conclude
m+ n 6= 3.
13
By a similar argument, we cannot choose m=3 and n=1 (or vice versa) when m + n = 4. Thus when
m+ n = 4, we must have m = n = 2. Then equations (2.1) and (2.2) imply:
λ1 + λ2 = λ3 + λ4 =
1
2
.
Then multiplying each side of equation (2.3) by 2 gives:
2λ1
−−⇀
OY1 + 2λ2
−−⇀
OY2 = 2λ3
−−⇀
OY3 + 2λ4
−−⇀
OY4. (2.4)
If Y1 ∈ {Y3, Y4} or Y2 ∈ {Y3, Y4}, Condition 1 is met. Assuming this is not the case, we must have the Yj ’s
distinct since the Sj ’s are distinct. Since each of the λj > 0, the left-hand side of equation (2.4) is a vector
−−⇀
OX1 for some X1 ∈ Y1Y2−{Y1, Y2} and the right-hand side is in a vector −−⇀OX2 for some X2 ∈ Y3Y4−{Y3, Y4}.
Thus the interiors of Y1Y2 and Y3Y4 intersect at the point X1 = X2.
Figure 2.6: If m+ n = 4, we must have the interiors of Y1Y2 and Y3Y4 intersect.
We conclude that {Y1, Y2} and {Y3, Y4} are inseparable as viewed from O and it follows that Condition 2 is
met.
2.2 The Annular Width and Breadth of Hinges
2.2.1 Definition and Notation for Hinges
Definition 2.15. A hinge is a polygonal arc in R2 with one or two segments. Hinges will be called degenerate
if they have one segment and non-degenerate if they have two segments.
For a given hinge, Γ, we will frequently use the invariants γ, α, β, k, and θ. We define γ > 0 as the
sum of the lengths of the segments of Γ. If Γ is non-degenerate, we define θ ∈ (0, pi) as the angle between
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its segments. We further define α and β, such that α + β = γ and α ≤ β, as the lengths of the segments
of Γ. Then we define k = α/γ so that k ∈ (0, 1/2], α = kγ, and β = (1 − k)γ. We position the vertex of a
non-degenerate Γ at O ∈ R2 and define A and B so that Γ = OA ∪OB with:
A = (α cos θ, α sin θ) = (kγ cos θ, kγ sin θ)
B = (β, 0) =
(
(1− k)γ, 0).
Figure 2.7: Notation for non-degenerate hinge Γ with γ = α+ β and k = α/γ ∈ (0, 1/2].
2.2.2 The Breadth of a Hinge
Since a hinge can be contained in an infinite strip of zero width if and only it is a single segment, we have:
Proposition 2.16. A hinge Γ is degenerate if and only if b = bc = 0.
We define hA, hB , and hO as the lengths of the altitudes of 4ABO dropped from the indicated vertices.
Proposition 2.17. For any non-degenerate hinge Γ,
bc = min{hO, hA} =

hA if 0 < θ ≤ cos−1
(
k
2−2k
)
hO if cos
−1
(
k
2−2k
)
≤ θ < pi.
Proof. As the width of any arc is the width of its convex hull, we have wc(Γ, Y ) = wc(4ABO, Y ) for
all Y in the unit circle S1. Therefore, bc(Γ) = bc(4ABO) and we may use the fact that bc(4ABO) =
min{hO, hA, hB}.
We will use the geometric property that for a given triangle, the length of an altitude is inversely
proportional to the length of its associated base. Since we have assumed that α ≤ β, or |OA| ≤ |OB|, we
conclude that hA ≤ hB for all non-degenerate Γ and bc = min{hO, hA}.
Note that hA = hO exactly when |OB| = |AB| so that 4ABO is an isosceles triangle and θ =
cos
−1 (
α/(2β)
)
= cos
−1 (
k/(2− 2k)).
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Figure 2.8: If Γ is fixed such that |OB| = |AB|, then hA = hO and θ = cos−1 (α/(2β)).
With α and β fixed, we note that |AB| strictly increases as θ increases for 0 < θ < pi. We conclude that
|AB| < |OB| = β for θ < cos−1 (k/(2− 2k)) while |AB| > |OB| = β for θ > cos−1 (k/(2− 2k)). After once
again applying the inverse proportionality of an altitude with its associated base, the proof is complete.
Figure 2.9: With α and β given, the shortest altitude of 4ABO is determined by θ.
2.2.3 The Center of Circularity of a Hinge
Since the furthest point in a segment from any given point in R2 must be an endpoint, we have the following:
Proposition 2.18. If a non-degenerate hinge Γ has a minimal annulus Ann(E) with E ∈ R2, then Γ∩Out(E)
is a non-empty subset of {O,A,B}.
Proposition 2.19. Assume a non-degenerate hinge Γ has a minimal annulus Ann(E) with E ∈ R2. If
Condition 1 of Corollary 2.14 is met (that is, there exist S1 ∈ Γ ∩ In(E) and S2 ∈ Γ ∩ Out(E) such that
S1 ∈ ES2), then b = bc.
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Proof. Let the non-degenerate hinge Γ have minimal annulus Ann(E) with E ∈ R2. Since Γ is non-
degenerate, we have b > 0 by Proposition 2.16, so that r(E) < R(E). Assume that the contact points
between Γ and the boundary of Ann(E) satisfy Condition 1 of Corollary 2.14 (that is, there exist points
S1 ∈ Γ ∩ In(E) and S2 ∈ Γ ∩ Out(E) such that S1 ∈ ES2). Then
b = w(E) = R(E)− r(E) = d(E,S2)− d(E,S1) = d(S1, S2) > 0.
By Proposition 2.18, we have S2 ∈ {O,A,B}. If S1 ∈ {O,A,B} − {S2}, then S1 and S2 are distinct
vertices of 4ABO. Then w(E) = d(S1, S2) is the length of a side of 4ABO. However, at least one of hS1
or hS2 must be shorter than the side S1S2. Since
b = w(E) = d(S1, S2) > min{hS1 , hS2} ≥ min{hO, hA, hB} = bc
it follows that Corollary 2.10 is violated.
Thus S1 ∈ Γ− {O,A,B}. Since Γ ∩ Bin(Γ, E) = ∅, the circle In(E) is tangent to either OA− {O,A} or
OB−{O,B} at S1. Since S1 ∈ ES2, the base of the altitude of 4ABO through S2 is S1. We conclude that
w(E) = d(S1, S2) = hS2 .
Figure 2.10: If Ann(E) is a minimal annulus of Γ that meets Condition 1, S1 is the base point of the
altitude through S2.
The other altitudes of 4ABO cannot be shorter than w(E) = hS2 , since Ann(E) is a minimal annulus. Thus
we must have hS2 = min{hO, hA, hB} and the proof is complete.
Since either b = bc or b < bc, and if E ∈ R2 is the center of a minimal annulus then either Condition 1
or Condition 2 of Corollary 2.14 is met, we state the very useful contrapositive of Proposition 2.19:
Corollary 2.20. Assume a non-degenerate hinge Γ has a minimal annulus Ann(E) with E ∈ R2. If b < bc,
then Condition 2 of Corollary 2.14 is met.
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Definition 2.21. For a given non-degenerate hinge, Γ, let
N =
{
X ∈ R2 ∣∣ ∃S1, S2 ∈ Γ with S1 6= S2 and d(X,S1) = d(X,S2) = min
S∈Γ
d(X,S)
}
.
Equivalently,
N =
{(
x, n(x)
) ∈ R2 ∣∣x ∈ (0,∞)}
where
n(x) =

x tan
(
θ
2
)
if x ∈ (0, α]
1
2α sin θ (x− α cos θ)2 + α sin θ2 if x ∈ (α, β)
β−α cos θ
α sin θ x+
α2−β2
2α sin θ if x ∈ [β,∞).
Equivalently,
n(x) =

x csc θ − x cot θ if x ∈ (0, α]
α2+x2
2α csc θ − x cot θ if x ∈ (α, β)
α2−β2+2βx
2α csc θ − x cot θ if x ∈ [β,∞).
Figure 2.11: If Ann(E) is a minimal annulus of Γ with E ∈ R2, then Condition 2 must be met and E ∈ N.
Definition 2.22. Given a non-degenerate hinge Γ, define its center of circularity to be the point
CΓ =
(
β
2
, n
(
β
2
))
,
and the circularity of Γ to be c = w (CΓ).
18
Figure 2.12: The point CΓ is the only center in R
2 where Condition 2 can be met.
Lemma 2.23. If Γ is a non-degenerate hinge with b < bc and minimal annulus Ann(E), then E = CΓ and
b = c.
Proof. By Corollary 2.11, E ∈ R2. By Corollary 2.20, Condition 2 of Corollary 2.14 is met. That is, there
exist sets {S1, S2} ⊆ Γ ∩ In(E) and {S3, S4} ⊆ Γ ∩ Out(E) that are inseparable as viewed from E. By
Definition 2.21, the existence of the set {S1, S2} implies E ∈ N. Thus there exists x ∈ (0,∞) such that
E = (x, n(x)). By Proposition 2.18, {S3, S4} ⊂ {O,A,B}.
Let X = (x, n(x)) and fix S1 ∈ OA ∩ In(X) and S2 ∈ OB ∩ In(X).
Figure 2.13: The points S1 and S2 given x ∈ (0,∞) and X = (x, n(x)) ∈ N.
Assume that S1 = A. We must have A /∈ Γ ∩ Out(X) since b > 0 by Proposition 2.16. If x 6= β/2, only
one of the points O and B is in Γ∩Out(X) and the set {S3, S4} does not exist. We conclude that if S1 = A
and x 6= β/2, Condition 2 is not met and X 6= E.
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Figure 2.14: If S1 = A and x 6= β/2, then X 6= E.
Now assume S1 ∈ OA − {A}. Let x ∈ (0, β/2), so that d(X,O) < d(X,B). Consider the two right
triangles 4XS1A and 4XS2B and note that d(X,S1) = d(X,S2), d(A,S1) = α− x, and d(B,S2) = β − x.
Then if Γ is non-symmetric (that is α < β), we may compare side lengths of these triangles to conclude that
d(X,A) < d(X,B). Then B is the only element of Γ ∩ Out(X) and X 6= E.
Figure 2.15: If x ∈ (0, β/2) with S1 ∈ OA− {A} and α < β, then X 6= E.
If α = β, we have d(X,O) < d(X,A) = d(X,B) so that {S3, S4} = {A,B}. However, if we take the ray
−−→
XB and rotate it counterclockwise around X until it becomes
−−→
XA, we see that since X is on the bisector of
∠AOB the intermediate rays never intersect Γ and thus can not intersect the set {S1, S2}. This demonstrates
that the sets {S1, S2} and {S3, S4} are not inseparable as viewed from X and Condition 2 is not fully met.
We conclude that when S1 ∈ OA− {A}, if x ∈ (0, β/2) then X 6= E.
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Figure 2.16: If x ∈ (0, β/2) and α = β, the sets {S1, S2} and {S3, S4} = {A,B} exist but are not
inseparable as viewed from X.
Now let x ∈ (β/2,∞) with S1 ∈ OA − {A}. In this case we have d(S1, O) = x > β/2 and d(S1, A) =
α − x ≤ β − x < β/2. By comparing the triangles 4XS1O and 4XS1A, we see that d(X,A) < d(X,O).
Since x ∈ (β/2,∞) we note that d(X,B) < d(X,O). Therefore O is the only element of Γ∩Out(X) and we
conclude X 6= E.
Figure 2.17: If x ∈ (β/2,∞) with S1 ∈ OA− {A}, then X 6= E.
By Theorem 2.8, for a given hinge Γ there must exist an E ∈ R2 with w(E) = b. Since b < bc,
Corollary 2.11 and Corollary 2.20 imply that E ∈ N. We have just shown if x ∈ (0, β/2) ∪ (β/2,∞) that
X = (x, n(x)) 6= E. We conclude that E = (β/2, n (β/2)) = CΓ and b = w (CΓ) = c.
Through similar arguments, it is easy to see that O ∈ Γ ∩ Out(CΓ). This allows us to identify the value
of the circularity of Γ.
Proposition 2.24. For all non-degenerate hinges Γ, the circularity of Γ is given by
c = d (CΓ, O)− d
(
OB,CΓ
)
=
√(
β
2
)2
+
(
n
(
β
2
))2
− n
(
β
2
)
with n (x) defined in Definition 2.21.
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Figure 2.18: The circularity of Γ is given by d (CΓ, O)− d
(
OB,CΓ
)
.
2.2.4 An Equation for the Annular Breadth of a Hinge
Definition 2.25. For 0 < k ≤ 1/2, define the angles
θ′ = cos
−1
(
4k(1− k)
5k2 − 2k + 1
)
and θ′′ = cos
−1
(
k
2− 2k
)
.
Proposition 2.26. For 0 < k ≤ 1/2,
0 ≤ θ′ < θ′′ < pi
2
Proof. Since 0 < k ≤ 1/2, we know 4k(1− k)/(5k2 − 2k+ 1) lies in (0, 1], and hence 0 ≤ θ′ < pi/2. Equality
at zero occurs when k = 1/3. Also, k/(2− 2k) lies in (0, 1/2], and hence pi/3 ≤ θ′′ < pi/2.
Then θ′ < θ′′ because
k
2− 2k =
k(1− k)
(1− k)2 + (1− k)2
<
k(1− k)
k2 +
(
(1−k)
2
)2
=
4k(1− k)
5k2 − 2k + 1
Proposition 2.27. For any non-degenerate hinge Γ with θ′′ ≤ θ < pi,
c < hO = bc ≤ hA.
Proof. Consider the support annulus centered at CΓ. Let S1 = OA ∩ In (CΓ) and S2 = OB ∩ In (CΓ) =
(β/2, 0).
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By Proposition 2.24, we have O ∈ Γ ∩ Out(CΓ). Considering the radial segment OCΓ, we see that
c = R (CΓ)− r (CΓ) = d (In (CΓ) , O).
Figure 2.19: For all non-degenerate Γ, c = d (In (CΓ) , O).
In Proposition 2.17 we noted that when θ′′ ≤ θ < pi we have |OB| ≤ |AB|. It follows that ∠OAB ≤
∠AOB, and hence ∠OAB < pi/2. We conclude that the altitude of O intersects AB. Then since the arc
along In(CΓ) counterclockwise from S1 to S2 is interior to 4ABO, the altitude of O must intersect this arc
at some point P . Since P is in the interior of 4ABO, we have d(P,O) < d (AB,O) = hO.
Figure 2.20: For Γ with θ′′ ≤ θ < pi, we have c < hO.
By Proposition 2.17 we have bc = hO for θ
′′ ≤ θ < pi, and hence
c = d(In(CΓ), O) ≤ d(P,O) < hO = bc ≤ hA.
Theorem 2.28. For any non-degenerate hinge Γ,
b = min {bc, c} = min {hA, c} .
Proof. By Corollary 2.10, b ≤ bc so that either b = bc or b < bc. If b = bc, then bc ≤ c and
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b = bc = min {bc, c} .
If b < bc, we have b = c by Lemma 2.23. Then c < bc and
b = c = min {bc, c} .
By Proposition 2.17,
bc =

hA if 0 < θ ≤ θ′′
hO if θ
′′ ≤ θ < pi.
However, for θ′′ ≤ θ < pi we have c < hO by Proposition 2.27. Therefore
b = min {bc, c} = min {hA, c} .
To find our equation for the annular breadth of a non-degenerate hinge Γ, we apply Definition 2.21,
Proposition 2.24, Theorem 2.28, and the facts that α < β/2 when 0 < k < 1/3 and β/2 ≤ α when
1/3 ≤ k ≤ 1/2:
Definition 2.29. For any non-degenerate hinge Γ we have γ > 0, 0 < k ≤ 1/2, and 0 < θ < pi. Define the
function B(k, θ) by:
B(k, θ) =
b(Γ)
γ
= min {k sin θ, F (k, θ)}
where
F (k, θ) =
√(
1− k
2
)2
+
(
G(k, θ)
)2 −G(k, θ)
and
G(k, θ) =

G1(k, θ) =
(
5k2 − 2k + 1
8k
)
csc θ −
(
1− k
2
)
cot θ if 0 < k < 13
G2(k, θ) =
(
1− k
2
)
tan
θ
2
if
1
3
≤ k ≤ 1
2
.
Once we verify that G1 (1/3, θ) = G2 (1/3, θ) for 0 < θ < pi, it is clear that B is continuous on its domain.
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Proposition 2.30. For 0 < k ≤ 1/2 and 0 < θ < pi we have
∂
∂θ
F (k, θ)

> 0 if 0 < k < 1/3 and 0 < θ < θ′
= 0 if 0 < k < 1/3 and θ = θ′
< 0 otherwise.
Proof. By Definition 2.29,
F (k, θ) =
√(
1− k
2
)2
+
(
G(k, θ)
)2 −G(k, θ).
When 1/3 ≤ k ≤ 1/2, we may verify the result by simplifying to F (k, θ) = 12 (1−k) sec(θ/2)− 12 (1−k) tan(θ/2).
Otherwise, note that ∂∂θF (k, θ) has the opposite sign of
∂
∂θG(k, θ):
∂
∂θ
F (k, θ) =
 G(k, θ)√(
1−k
2
)2
+
(
G(k, θ)
)2 − 1
 · ∂
∂θ
G(k, θ).
For 0 < k < 1/3,
∂
∂θ
G1(k, θ) = −5k
2 − 2k + 1
8k
csc θ cot θ +
1− k
2
csc2 θ
=
5k2 − 2k + 1
8k
(
4k(1− k)
5k2 − 2k + 1 − cos θ
)
csc2 θ.
The proof is completed by noting that for 0 < k < 1/3, ∂∂θG1(k, θ) is negative when 0 < θ < θ
′, positive
when θ′ < θ < pi, and zero when θ = θ′.
Figure 2.21: The behavior of the function F (k, θ) for various values of k.
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Proposition 2.31. If 0 < k < 1/3 and 0 < θ ≤ θ′, then
B(k, θ) = min
{
k sin θ, F (k, θ)
}
= k sin θ.
Proof. Fix the points S1 = A, S2 = (β/2, 0), S3 = O, and S4 = B. Since 0 < k < 1/3, we have
{S1, S2} ⊆ Γ ∩ In(E) and {S3, S4} ⊆ Γ ∩ Out(E).
Figure 2.22: The points S1, S2, S3, and S4, when 0 < k < 1/3.
Since 0 < k < 1/3, by Definition 2.29 we have:
tan (∠CΓOB) =
n (β/2)
β/2
=
2G1(k, θ)
1− k
=
5k2 − 2k + 1
4k(1− k) csc θ − cot θ.
Since cos θ′ = 4k(1 − k)/(5k2 − 2k + 1) by definition, 0 < θ ≤ θ′ by assumption, and θ′ < pi/2 by Proposi-
tion 2.26, we have
tan (∠CΓOB) = sec θ′ csc θ − cot θ
≥ sec θ csc θ − cot θ
= tan θ
Since both ∠CΓOB and θ are in (0, pi/2), we have θ ≤ ∠CΓOB.
We conclude that the sets {S1, S2} and {S3, S4} are not inseparable as viewed from CΓ and Condition 2
of Corollary 2.14 is not satisfied.
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Figure 2.23: When 0 < k < 1/3 and 0 < θ ≤ θ′, the sets {S1, S2} and {S3, S4} are not inseparable as
viewed from CΓ.
Then if there is a minimal annulus with a center in R2, Condition 1 of Corollary 2.14 is met. Otherwise, all
minimal annuli are centered in ∂R2. In either case, we have b = bc by Proposition 2.19 and Proposition 2.7.
We have bc = hA for θ ∈ (0, θ′′] by Proposition 2.17 and (0, θ′] ⊂ (0, θ′′] by Proposition 2.26.
Lemma 2.32. For 0 < k ≤ 1/2, there exists an angle θk such that
B(k, θ) =

k sin θ if 0 < θ ≤ θk
F (k, θ) if θk ≤ θ < pi.
In addition,
max
θ∈(0,pi)
B(k, θ) = B(k, θk) = k sin θk = F (k, θk) .
Proof. From Definition 2.29, B(k, θ) = b(Γ)/γ = min {k sin θ, F (k, θ)} for any hinge Γ of length γ. By
Proposition 2.27, c < hA, and hence F (k, θ) < k sin θ, when θ
′′ ≤ θ < pi. Therefore
B(k, θ) =

min {k sin θ, F (k, θ)} if 0 < θ < θ′′
F (k, θ) if θ′′ ≤ θ < pi.
Suppose 1/3 ≤ k ≤ 1/2. We have
k sin(0) = 0 <
1− k
2
=
√(
1− k
2
)2
+ (0)
2 − 0 = F (k, 0).
By Proposition 2.27, c < hA when θ = θ
′′ and hence
F (k, θ′′) < k sin θ′′.
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Since k sin θ is continuous and F (k, θ) is continuous in the θ direction, we conclude that at least one θk ∈
(0, θ′′) exists with k sin θk = F (k, θk).
From Proposition 2.26 we have (0, θ′′) ⊂ (0, pi/2), and hence k sin θ is strictly increasing with respect to
θ ∈ (0, θ′′). By Proposition 2.30, ∂∂θF (k, θ) < 0 for 1/3 ≤ k ≤ 1/2 and θ ∈ (0, pi). The proposition follows
for 1/3 ≤ k ≤ 1/2.
Figure 2.24: When 1/3 ≤ k ≤ 1/2, there is a unique angle θk that maximizes B(k, θ).
Now let 0 < k < 1/3. By Proposition 2.31, min {k sin θ, F (k, θ)} = k sin θ for 0 < θ ≤ θ′. Thus
B(k, θ) =

k sin θ if 0 < θ ≤ θ′
min {k sin θ, F (k, θ)} if θ′ < θ < θ′′
F (k, θ) if θ′′ ≤ θ < pi.
If θ = θ′, then c = α = kγ and F (k, θ′) = c/γ = k. By Proposition 2.26, θ′ < pi/2. Hence
k sin θ′ < k = F (k, θ′) .
By Proposition 2.27,
F (k, θ′′) < k sin θ′′.
We conclude that when 0 < k < 1/3, there exists a θk ∈ (θ′, θ′′) with k sin θk = F (k, θk). The proof is
complete by applying arguments similar to those in the 1/3 ≤ k ≤ 1/2 case.
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Figure 2.25: When 0 < k < 1/3, there is a unique angle θk that maximizes B(k, θ).
As a direct result of Lemma 2.32, we have
Theorem 2.33. Given non-degenerate hinge Γ, the annular breadth of Γ is given by
b =

hA if 0 < θ ≤ θk
c if θk ≤ θ < pi
=

γk sin θ if 0 < θ ≤ θk
γF (k, θ) if θk ≤ θ < pi.
.
Figure 2.26: The separation of (k, θ) ∈ (0, 1/2]× (0, pi) into the different values of b.
2.3 The Hinge with the Greatest Annular Breadth
2.3.1 The Value of θk
Proposition 2.34. Consider the function G(k, θ) defined in Definition 2.29. For 0 < k ≤ 1/2, the angle θk
satisfies
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4k2 sin2 θk + 8k sin θkG(k, θk)− (1− k)2 = 0.
Proof. By Lemma 2.32, θk is the angle such that k sin θk = F (k, θk). Therefore
k sin θk = F (k, θk)
k sin θk =
√(
1− k
2
)2
+
(
G(k, θk)
)2 −G(k, θk)
and
k sin θk +G(k, θk) =
√(
1− k
2
)2
+
(
G(k, θk)
)2
.
The result follows.
Proposition 2.35. If 1/3 ≤ k ≤ 1/2, then
θk = cos
−1
(
k − 1 + 2√k
2k
)
.
Proof. Since 1/3 ≤ k ≤ 1/2, we replace G(k, θk) with G2(k, θk) = 12 (1− k) tan(θk/2) in Proposition 2.34 to
get
4k2 sin2 θk + 8k sin θk
1
2
(1− k) tan θk
2
− (1− k)2 = 0.
It follows that
4k2 cos2 θk + 4k(1− k) cos θk + (k2 − 6k + 1) = 0
and hence
cos θk =
−(1− k)± 2√k
2k
.
Since θk < pi/2 we know cos θk > 0 and we must have:
cos θk =
−(1− k) + 2√k
2k
=
k − 1 + 2√k
2k
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Proposition 2.36. If 0 < k < 1/3, then
θk = cos
−1
(
k − 1 +√9k2 − 2k + 1
2k
)
.
Proof. Since 0 < k < 1/3, we replace G(k, θk) with G1(k, θk) in Proposition 2.34 to get
4k2 sin2 θk + 8k sin θk
(
5k2 − 2k + 1
8k
)
csc θk −
(
1− k
2
)
cot θk − (1− k)2 = 0.
It follows that
k cos2 θk + (1− k) cos θk − 2k = 0
and hence
cos θk =
−(1− k)±√9k2 − 2k + 1
2k
.
Since θk < pi/2 we know cos θk > 0 and we must have:
cos θk =
−(1− k) +√9k2 − 2k + 1
2k
=
k − 1 +√9k2 − 2k + 1
2k
Figure 2.27: The values of θ′, θk, and θ′′ for 0 < k ≤ 1/2.
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2.3.2 The Hinge with the Greatest Annular Breadth
Theorem 2.37. The symmetric non-degenerate hinge of length γ
(
Γ with α = β = γ/2
)
with the largest
annular breadth has angle
θ = θ1/2 = cos
−1
(
−1 + 2√2
2
)
≈ 23.9 ◦.
Proof. By Lemma 2.32, taking θ = θk maximizes B(k, θ) = b(Γ)/γ. For a symmetric hinge we have k = 1/2
and by Proposition 2.35
θk = cos
−1
(
k − 1 + 2√k
2k
)
.
Setting k = 1/2 gives the result.
Figure 2.28: The symmetric hinge with the greatest annular breadth.
The symmetric hinge with angle θ1/2 , denoted Γ1/2 , has annular breadth
b
(
Γ1/2
)
= γB
(
1
2
, θ1/2
)
= γ
1
2
sin θ1/2 = γ
√
−5 + 4√2
4
≈ 0.203γ.
This is however not the hinge of length γ with the largest annular breadth. If we consider non-symmetric
hinges of length γ, we find a hinge with greater annular breadth.
Consider B(k, θ) in the interior of its domain. Since ∂∂θB(k, θ) exists and is non-zero if θ 6= θk, we consider
the function B(k, θ) along the curve θ = θk. By Lemma 2.32, Proposition 2.35, and Proposition 2.36, we
have:
Proposition 2.38. For 0 < k ≤ 1/2,
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B (k, θk) =

1√
2
[
−3k2 + 2k − 1− (k − 1)
√
9k2 − 2k + 1
]1/2
if 0 < k <
1
3
1
2
[
3k2 − 4k3/2 − 2k + 4k1/2 − 1
]1/2
if
1
3
≤ k ≤ 1
2
.
Theorem 2.39. The non-degenerate hinge of length γ with the greatest annular breadth has k = 1/3 and
angle θ = cos
−1
(
− 1 +√3
)
≈ 42.9 ◦.
Proof. Since B(k, θ) is continuous, its maximum must occur on the edge of its domain or at a critical point
of B(k, θ). By the proof of Lemma 2.32, ∂∂θB(k, θ) exists and is non-zero as long as θ 6= θk. Hence all critical
points of B(k, θ) occur along the curve θ = θk.
Figure 2.29: The maximum of B(k, θ) occurs along the curve θ = θk.
For 1/3 ≤ k ≤ 1/2, Proposition 2.38 gives
B (k, θk) =
1
2
[
3k2 − 4k3/2 − 2k + 4k1/2 − 1
]1/2
.
Hence
d
dk
B (k, θk) = − 3k − 1
2k1/2
[ (
k1/2 + 1
) (
3k1/2 − 1) ]1/2 .
Note that ddkB (k, θk) < 0 for 1/3 < k ≤ 1/2. We conclude that a non-symmetric hinge exists with greater
annular breadth than hinge Γ1/2 found in Theorem 2.37.
Now suppose 0 < k < 1/3. By Proposition 2.38,
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B (k, θk) =
1√
2
[
−3k2 + 2k − 1− (k − 1)
√
9k2 − 2k + 1
]1/2
.
Hence
d
dk
B (k, θk) =
(1− 3k)
([
9k2 − 2k + 1]1/2 − (1− 3k))
√
2
[
9k2 − 2k + 1]1/2[− 3k2 + 2k − 1− (k − 1)√9k2 − 2k + 1]1/2 (2.5)
Since 1− 3k > 0 and [
9k2 − 2k + 1]1/2 = [(1− 3k)2 + 4k]1/2 > 1− 3k,
the numerator of equation (2.5) is positive. In addition, recall that
[
− 3k2 + 2k − 1− (k − 1)
√
9k2 − 2k + 1
]1/2
=
√
2B (k, θk) =
√
2k sin θk > 0.
Hence ddkB (k, θk) > 0 for 0 < k < 1/3.
Considering the continuity of function B(k, θ) and the curve θ = θk, the function B (k, θk) is continuous
over 0 < k ≤ 1/2. Therefore the maximum of B (k, θk) occurs when k = 1/3. Therefore the maximum of
B(k, θ) occurs at the point
(
1/3, θ1/3
)
.
Figure 2.30: The maximum of B(k, θ) occurs at
(
1/3, θ1/3
)
.
The value of θ1/3 is calculated from Proposition 2.35:
θ1/3 = cos
−1
 13 − 1 + 2
√
1
3
2
(
1
3
)
 ≈ 42.9 ◦.
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The hinge Γ1/3 with k = 1/3 and angle θ1/3 is the hinge of length γ with the largest annular breadth. Its
annular breadth is
b
(
Γ1/3
)
= γB
(
1
3
, θ1/3
)
= γ
1
3
sin θ1/3 = γ
√
−3 + 2√3
3
≈ 0.227γ.
Figure 2.31: The hinge with the greatest annular breadth.
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Chapter 3
Minimizing the Length of a Hinge
Exit Path for an Annulus
3.1 Preliminaries
3.1.1 Defining a Shortest Exit Hinge
Our goal for this chapter is to find the shortest hinge exit path for a given annulus.
We define an exit hinge so that if someone is lost in an annular forest and they walk along a path
prescribed by the hinge, no matter the beginning location or orientation, the forest will be exited at some
point along the path. For general definitions for covering general paths with convex sets in the plane, see
Finch and Wetzel [FW04]. Below are the definitions required for our result.
Definition 3.1. The set T ⊆ R2 covers S ⊆ R2 if there exists a motion µ such that µ(S) ⊆ T.
Definition 3.2. Define the set Ann as a closed annulus centered at the origin, O, with inner radius, r, and
outer radius, R, such that 0 < r < R. Denote the inner and outer circles of Ann by In and Out respectively,
the boundary of Ann by ∂Ann = In ∪Out, and the interior of Ann by Ann◦ = Ann−∂Ann. Define the modulus
m of Ann by m = r/R.
Definition 3.3. Let P be an endpoint of a hinge Γ. We call Γ an exit hinge of Ann if for any motion µ
where µ(P ) ∈ Ann◦, µ(Γ) intersects ∂Ann.
Figure 3.1: The hinge Γ is not an exit hinge of Ann since µ2(Γ) does not intersect ∂Ann.
Since hinges are connected sets, we have:
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Proposition 3.4. For a given annulus Ann, hinge Γ is an exit hinge of Ann if and only if Γ is not covered
by Ann◦.
Definition 3.5. For a given annulus Ann, hinge Γ is a shortest exit hinge of Ann if Γ is not covered by
Ann◦ and every hinge strictly shorter than Γ is covered by Ann◦.
3.1.2 Auxiliary Points and Functions
Definition 3.6. For a given annulus Ann, we name the points P = (0, r), Q = (0, R), S = (−√R2 − r2, r),
and T = (
√
R2 − r2, r).
Figure 3.2: The points P , Q, S, and T .
Definition 3.7. Given m ∈ (0, 1), define the angles
φ1 = sin
−1
√
1−m
1 +m
and
φ2 = 2 sin
−1m.
For a given annulus Ann with modulus m, φ2 is the angle between two rays generated from Q and tangent
to In. Further, if U =
(
−√2r(R− r), r) so that d(Q,U) = √R2 − r2, then φ1 = ∠QUP .
Figure 3.3: The angles φ1 and φ2.
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Proposition 3.8. Given an m ∈ (0, 1),
φ1 > φ2 if m ∈
(
0,
−1 +√3
2
)
,
φ1 = φ2 if m =
−1 +√3
2
, and
φ1 < φ2 if m ∈
(
−1 +√3
2
, 1
)
.
Proof. Note, φ1 = φ2 when 2m
2 + 2m − 1 = 0. Thus in the interval (0, 1), the angles φ1 and φ2 are equal
when m = (−1+√3)/2. The proof is completed by noting that φ1 strictly decreases and φ2 strictly increases
as m is increased in (0, 1).
Definition 3.9. We fix the value κ = (−1 +√3)/2. For a given annulus Ann, when modulus m ∈ (0, κ) we
refer to Ann as thick; when m = κ we refer to Ann as neutral; and when m ∈ (κ, 1) we refer to Ann as thin.
Definition 3.10. For given r and R such that 0 < r < R, define
f :
[
φ1,
pi
2
]
→
[
R− r,
√
R2 − r2
]
by
f(φ) = (R− r) csc (φ) .
For annulus Ann and U =
(
−√2r(R− r), r), if W ∈ UP and ∠QWT = φ ∈ [φ1, pi/2], then f(φ) =
d(Q,W ).
Figure 3.4: The geometric interpretation of function f(φ).
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Definition 3.11. For given r and R such that 0 < r < R, define
g :
[
0, φ2
]
→
[
R− r,
√
R2 − r2
]
by
g(φ) = R cos
(
φ
2
)
−
√
r2 −R2 sin2
(
φ
2
)
.
For annulus Ann, if V ∈ In such that QV ⊂ Ann and ∠OQV = φ/2, then g(φ) = d(Q,V ).
Figure 3.5: The geometric interpretation of function g(φ).
3.1.3 Statement of Main Theorem
Definition 3.12. Define Γ1 as the degenerate hinge of length γ1 = 2
√
R2 − r2.
Figure 3.6: Motion µ exists such that µ(Γ1) = ST .
Definition 3.13. Suppose there exists θ2 such that f (θ2) = g (θ2). Let α2 = f (θ2) = g (θ2) and γ2 = 2α2.
Define Γ2 as the non-degenerate symmetric hinge with length γ2 and angle θ2.
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Figure 3.7: If Γ2 exists, motions exist that position hinge Γ2 as seen in the figure.
Theorem 3.14. Given annulus Ann with modulus m:
1. If m ∈ (0, κ), then Γ1 is the unique shortest exit hinge of Ann.
2. If m = κ, then Ann has exactly two shortest exit hinges, Γ1 and Γ2.
3. If m ∈ (κ, 1), then Γ2 is the unique shortest exit hinge of Ann.
Figure 3.8: If m ∈ (0, κ), then Γ1 is the only shortest exit hinge of Ann.
Figure 3.9: If m = κ, then Γ1 is one of the two shortest exit hinges of Ann.
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Figure 3.10: If m = κ, then Γ2 is one of the two shortest exit hinges of Ann.
Figure 3.11: If m ∈ (κ, 1), then Γ2 is the only shortest exit hinge of Ann.
3.2 Proof of Main Theorem
3.2.1 Method of Proof
We begin the proof of Theorem 3.14 by proving that hinge Γ1 is the shortest degenerate exit hinge of annulus
Ann. We then prove that any hinge of length ≤ 2(R − r) is not an exit hinge of Ann. These results give
bounds for the length of a shortest exit hinge of Ann. Considering all non-degenerate hinges with these
lengths, we determine bounds for the angle of a shortest exit hinge of Ann. We compare the values of these
bounds for different moduli of Ann and prove that the upper bound for the angle is less than the lower bound
for the angle for m ∈ (0, κ). The first result of Theorem 3.14 follows.
We continue by proving that if m ∈ [κ, 1), then hinge Γ2 exists, is unique, and is an exit hinge of Ann.
When m = κ the upper and lower bounds for the angle of a non-degenerate exit hinge are equal. Noting
that the lengths of Γ1 and Γ2 are equal when m = κ and having already proven that all other hinges with
the same length cannot be exit hinges of Ann, the second result of Theorem 3.14 follows.
For Ann with m ∈ (κ, 1), we consider all non-degenerate hinges with length ≤ γ2. We use a previous
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result to prove that any hinge, other than Γ2, with angle ≤ θ2 cannot be an exit hinge of Ann. The third
result of Theorem 3.14 follows after showing that any hinge, other than Γ2, with angle ≥ θ2 cannot be an
exit hinge of Ann.
3.2.2 Bounds for the Length of a Shortest Exit Hinge
Theorem 3.15. Given annulus Ann, Γ1 is the shortest degenerate hinge that is an exit hinge of Ann.
Proof. Note that a horizontal chord of Out at height y has length 2
√
R2 − y2. The longest such chord
contained in Ann is at height y = r and has length γ1 = 2
√
R2 − r2. Therefore, if a degenerate hinge Γ has
length γ < γ1, there exists a motion ν so that ν(Γ) ⊂ Ann◦.
Figure 3.12: If Γ is a degenerate hinge with length γ < γ1, Γ is covered by Ann
◦.
Note that all horizontal segments contained in Ann have length no greater than γ1 = 2
√
R2 − r2. Using
the central symmetry of Ann we conclude that if motion µ positions an endpoint of Γ1 in Ann
◦, then µ(Γ1)
must intersect ∂Ann.
Figure 3.13: Since any horizontal segment contained in Ann has length at most γ1, we conclude that Γ1
cannot be contained in Ann◦.
Since Γ1 is an exit hinge of Ann in every case, we conclude that any non-degenerate shortest exit hinge
must have a length γ ≤ γ1 = 2
√
R2 − r2. We identify a lower bound for γ as a corollary to the main result
in Sroysang, Wetzel, and Wichiramala [SWW08].
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Corollary 3.16. Given annulus Ann, if hinge Γ has length γ ∈ (0, 2(R− r)], then Γ is covered by Ann◦.
Proof. Consider a triangular region Tφ defined to have base of length 1, an angle adjacent to the base of
φ ∈ [45◦, 60◦], and an altitude of length √3/4 perpendicular to its base. In [SWW08], it is proven that Tφ
is a convex region with smallest area that covers all angleworms, hinges of length 1. Given real numbers r
and R such that 0 < r < R, let Tr,R be the triangular region similar to T45◦ scaled to have a base of length
2(R − r). As a corollary to [SWW08], all hinges of length 2(R − r) are covered by Tr,R. Then since any
hinge with length γ ∈ (0, 2(R− r)) can be covered by a hinge with length 2(R − r), Tr,R covers all hinges
with length γ ∈ (0, 2(R− r)].
Figure 3.14: The triangle Tr,R covers all hinges of length γ ∈ (0, 2(R− r)].
Fix Ann and define the points U = (−(R − r), r) and V = (R − r, r). Note that ∠V UQ = 45◦. Define
the point W in ray
−−→
UQ such that d(UV ,W ) =
√
3(R − r)/2. Note that triangles 4UVW and Tr,R are
congruent.
Figure 3.15: The definition of triangle 4UVW .
Consider the motion µ such that µ(Tr,R) = 4UVW . Since R− r <
√
R2 − r2, then UV ⊂ ST −{S, T}.
We note that W ∈ UQ− {Q} since
d(UV ,W ) =
√
3(R− r)
2
< R− r = d(UV ,Q).
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We conclude that µ(Tr,R) does not intersect Out and µ(Tr,R)∩ In = {P}. The proof is complete since there
exists an upward translation, σ, such that σ(µ(Tr,R)) ⊂ Ann◦.
3.2.3 Bounds for the Angle of a Shortest Exit Hinge
Having determined bounds for the length of a non-degenerate shortest exit hinge for Ann, now we seek
bounds for the angle. We start by showing that, with the single exception shown in Figure 3.16, all non-
degenerate hinges of length no more than γ1 and angle no less than φ1 are covered by Ann
◦. The following
lemma is a more general result that we will use a second time later. The corollary that follows the lemma
proves our current goal.
Figure 3.16: The symmetric hinge with length γ1 = 2
√
R2 − r2 and angle φ1 = sin−1
√
(1−m)/(1 +m).
Lemma 3.17. Given annulus Ann, choose an a with R − r < a ≤ √R2 − r2. Fix acute angle φ such that
a sinφ = R − r. Let non-degenerate hinge Γ have length γ, k-value, and angle θ that satisfy 0 < γ ≤ 2a,
0 < k ≤ 1/2, and 0 < θ ≤ φ. If (γ, k, θ) 6= (2a, 1/2, φ), then Γ is covered by Ann◦.
Proof. Given annulus Ann, define U ∈ SP such that d(U,Q) = a. Then ∠TUQ = φ ∈ [φ1, pi/2).
Figure 3.17: Given length a and angle φ, we define point U .
Recall that β is defined as the length of the longer segment of Γ. Assume that β < d(U, T ). Let Sec
be the circular sector of radius a centered at U between UQ and UT . Consider the motion µ such that
µ(C) = U with µ(B) ∈ UT − {T} and µ(A) ∈ Sec. Note that µ(A) 6= Q since (γ, k, θ) 6= (2a, 1/2, φ).
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Figure 3.18: The sector Sec and a hinge Γ with β < d(U, T ) under transformation µ.
Since µ(Γ) intersects ∂Ann at no more than the point P , an upward translation σ exists such that σ(µ(Γ)) ⊆
Ann◦. We conclude that if β < d(U, T ), hinge Γ is covered by Ann◦.
Assume that β ≥ d(U, T ). Define V as the point in SU such that d(V, T ) = γ. Then define W as the
point in UQ such that d(U,W ) = d(U, V ) = γ − d(U, T ).
Figure 3.19: The definition of V and W when β ≥ d(U, T ).
Define X as the point in UV − {V } such that d(T,X) = β and Y as the point in VW such that d(X,Y ) =
d(V,X) = α. Let Arc be the circular arc of radius α centered at X between Y and XT .
Figure 3.20: The points X and Y with circular arc Arc.
Consider the motion µ such that µ(C) = X and µ(B) = T with µ(A) ∈ Arc. Note that µ(Γ) intersects
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∂Ann only at the points P and T .
Figure 3.21: A hinge Γ with β ≥ d(U, T ) under transformation µ.
Then there exists a translation motion to the left, σ, such that σ(µ(Γ)) ∩ ∂Ann = {P}; and a subsequent
upward translation, η, such that η(σ(µ(Γ))) ⊆ Ann◦. We conclude that Γ is covered by Ann◦.
Corollary 3.18. Given annulus Ann, let non-degenerate hinge Γ have length γ, k-value, and angle θ that
satisfy 0 < γ ≤ γ1, 0 < k ≤ 1/2, and 0 < θ ≤ φ1. If (γ, k, θ) 6= (γ1, 1/2, φ1), then Γ is covered by Ann◦.
Proof. The result follows by setting a =
√
R2 − r2 = γ1/2 and φ = sin−1
√
(1−m)/(1 +m) = φ1 in
Lemma 3.17.
Now we find an upper bound for the angle of a non-degenerate shortest exit hinge of Ann.
Lemma 3.19. Given annulus Ann, let non-degenerate hinge Γ have length γ, k-value, and angle θ that
satisfy 0 < γ ≤ γ1, 0 < k ≤ 1/2, and φ2 ≤ θ < pi. If (γ, k, θ) 6= (γ1, 1/2, φ2), then Γ is covered by Ann◦.
Figure 3.22: The symmetric hinge with γ = γ1 and θ = 2 sin
−1(r/R) = φ2.
Proof. Define U as the point in SP such that the two rays from U tangent to In form an angle of θ between
them. The point T is the intersection of Out with one of these rays; let W be the intersection of the other
ray with Out. Let V be the point of tangency between UW and In.
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Figure 3.23: Given Ann and fixed θ, define points U , V , and W . Possible acute and obtuse values of θ are
shown.
If θ = φ2, then U = S. Consider the motion µ such that µ(C) = S with µ(B) ∈ ST and µ(A) ∈ SW .
Since β < γ ≤ γ1 = d(S, T ), we have µ(B) 6= T . Since θ = φ2, we have (γ, k) 6= (γ1, 1/2) and hence
α < γ1/2 = d(S, V ) and µ(A) ∈ SV − {V }.
Figure 3.24: The point configuration and a hinge Γ under transformation µ when θ = φ2.
Note that µ(Γ) intersects ∂Ann at no more than the points S and P . Then there exists a right translation σ
and upward translation η such that σ(µ(Γ)) intersects ∂Ann either only at P or nowhere and η(σ(µ(Γ))) ⊆
Ann◦. We conclude that Γ is covered by Ann◦ if θ = φ2.
For θ ∈ (φ2, pi) we have U ∈ SP − {S, P}. Assume that β ≤ d(U, T ). Then there exists a motion µ such
that µ(C) = U with µ(B) ∈ UT and µ(A) ∈ UW .
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Figure 3.25: Hinges with θ ∈ (φ2, pi) and β ≤ d(U, T ) under transformation µ.
Since µ(Γ) ∩ ∂Ann ⊆ {P, T, V }, there exists a translation motion σ in the direction of −−⇀OU such that
σ(µ(Γ)) ⊆ Ann◦. We conclude Γ is covered by Ann◦ if β ≤ d(U, T ).
Assume that β > d(U, T ). Define X as the point in SU such that d(X,T ) = γ. Then define Y as the
point in UW such that d(U, Y ) = d(U,X) = γ − d(T,U).
Figure 3.26: The definition of points X and Y if β > d(U, T ). Possible acute and obtuse values of θ are
shown.
Consider the motion µ such that µ(B) = T with µ(C) ∈ ST and µ(A) ∈ XY . Since d(U, T ) < β < γ =
d(X,T ), we have µ(C) ∈ XU − {X,U} and µ(A) ∈ XY − {X,Y }.
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Figure 3.27: Hinges with θ ∈ (φ2, pi) and β > d(T,U) under transformation µ.
We conclude that µ(Γ) ∩ ∂Ann = {P, T}. Then there exists a left translation σ and upward translation η
such that σ(µ(Γ)) intersects ∂Ann only at P and η(σ(µ(Γ))) ⊆ Ann◦. We conclude that Γ is covered by
Ann◦.
3.2.4 The Shortest Exit Hinge for Thick Annuli
Theorem 3.20 (Theorem 3.14 Part 1). Given annulus Ann, if m ∈ (0, κ), then Γ1 is the unique shortest
exit hinge of Ann.
Proof. By Theorem 3.15, Γ1 is an exit hinge of Ann and all degenerate hinges with length less than γ1 are
covered by Ann◦. Thus if a shorter exit hinge exists, it must be non-degenerate.
Let non-degenerate hinge Γ have length γ ∈ (0, γ1] and angle θ. If θ ∈ (0, φ1), then Γ is covered by Ann◦
by Corollary 3.18. If θ ∈ (φ2, pi), then Γ is covered by Ann◦ by Lemma 3.19. Since m ∈ (0, κ), Proposition 3.8
says that φ1 > φ2 so that
(0, φ1) ∪ (φ2, pi) = (0, pi).
We conclude that all hinges of length γ ∈ (0, γ1], other than Γ1, are covered by Ann◦.
3.2.5 The Hinge Γ2
In this section we show that if annulus Ann has m ∈ [κ, 1), the hinge Γ2 defined in Definition 3.13 exists, is
unique, and is an exit hinge of Ann.
Proposition 3.21. Given annulus Ann with m ∈ [κ, 1), the hinge Γ2 exists and is unique with
θ2 ∈ (0, φ2] ∩ [φ1, pi/2)
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and
γ2 ∈
(
2(R− r), γ1
]
with θ2 = φ1 = φ2 and γ2 = γ1 if and only if m = κ.
Proof. By Definition 3.10 and Definition 3.11, we have
f(φ) = (R− r) csc (φ) for φ ∈ [φ1, pi/2]
and
g(φ) = R cos
(
φ
2
)
−
√
r2 −R2 sin2
(
φ
2
)
for φ ∈ [0, φ2]
respectively. Note that f (φ1) = g (φ2) =
√
R2 − r2 and g(0) = f (pi/2) = R − r. Since f(φ) and g(φ) are
continuous and φ1 ≤ φ2 by Proposition 3.8, we conclude that at least one angle θ2 ∈ (0, φ2] ∩ [φ1, pi/2)
exists such that f (θ2) = g (θ2). The angle θ2 is unique since f(φ) is strictly decreasing and g(φ) is strictly
increasing. We conclude that the hinge Γ2 exists and is unique.
Let m = κ. By Proposition 3.8, we have φ1 = φ2 so that
(0, φ2] ∩ [φ1, pi/2) = {φ1} = {φ2} .
Since f (φ1) = g (φ2) =
√
R2 − r2, we have α2 =
√
R2 − r2 and θ2 = φ1 = φ2.
Figure 3.28: If m = κ, functions f(φ) and g(φ) intersect at θ2 = φ1 = φ2. Here r = 1 and R = 2.74
Let m ∈ (κ, 1). By Proposition 3.8, we have φ1 < φ2 so that θ2 ∈ (φ1, φ2), and
α2 = f (θ2) = g (θ2) ∈
(
R− r,
√
R2 − r2
)
.
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Figure 3.29: If m ∈ (κ, 1), functions f(φ) and g(φ) intersect at θ2 ∈ (0, φ2) ∩ (φ1, pi/2). Here r = 1 and
R = 1.3.
Lemma 3.22. Given annulus Ann with m ∈ [κ, 1), the hinge Γ2 is an exit hinge of Ann.
Proof. Assume that µ is a motion such that µ(Γ2) ⊆ Ann◦. For the remainder of the proof we shorten our
notation so that A = µ(A), B = µ(B), and C = µ(C).
Since C ⊆ Ann◦ and the radial symmetry of Ann, we assume without loss of generality that C ∈
PQ − {P,Q}. By Proposition 3.21, α2 > R − r, and hence neither edge of µ(Γ2) can be a subset of PQ.
Thus x(A) 6= 0 and x(B) 6= 0. Given the symmetries of Ann and Γ2, we assume without loss of generality
that x(A) > 0.
Assume x(B) > 0. Since Γ2 is symmetric, we may assume without loss of generality that ∠AOQ ≤
∠BOQ. Then the ray −→OA intersects BC. Let U be this point of intersection. Since α2 = f(θ2) =
(R− r) csc (θ2), we have d(A,BC) = R − r. The points A and U are both elements of Ann◦ and the ray
−→
OA, and hence d(A,U) < R− r. If x(B) > 0, we have the contradiction:
R− r = d(A,BC) ≤ d(A,U) < R− r.
Figure 3.30: Since d(A,BC) = R− r and d(A,U) < R− r we have a contradiction if x(B) > 0.
Assume that x(B) < 0. Of the edges of Γ2, assume without loss of generality that AC makes the smallest
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angle with OQ. Define angle ψ ≤ θ2 such that AC makes an angle of ψ/2 with OQ. If y(C) < y(A), let A′
and C ′ be the reflections of A and C respectively across the horizontal line through the midpoint of AC. If
y(C) > y(A), we write A′ = A and C ′ = C for convenience.
Figure 3.31: The definitions of angle ψ ≤ θ2 and points A′ and C ′.
Fix the point V ∈ In such that QV ⊆ Ann and ∠OQV = ψ
2
. Note that d(Q,V ) = g(ψ) by Definition 3.11.
Since C ′ ∈ PQ− {P,Q} and A′C ′ is parallel to QV , we have d(A′, C ′) < d(Q,V ).
Figure 3.32: Given V ∈ In defined as above, we have d(A′, C ′) < d(Q,V ) = g(ψ).
Since ψ ≤ θ2, we have g(ψ) ≤ g (θ2). If x(B) < 0, we have the contradiction:
α2 = d(A,C) = d(A
′, C ′) < d(Q,V ) = g(ψ) ≤ g (θ2) = α2.
3.2.6 The Shortest Exit Hinges for the Neutral Annulus
Theorem 3.23 (Theorem 3.14 Part 2). Given annulus Ann, if m = κ, then Ann has exactly two shortest
exit hinges, Γ1 and Γ2.
Proof. By Theorem 3.15, Γ1 is the shortest degenerate hinge that is an exit hinge of Ann. Thus if an exit
hinge shorter than γ1 = 2
√
R2 − r2 exists, it must be non-degenerate. By Proposition 3.21, since m = κ, Γ2
exists with γ2 = 2
√
R2 − r2 = γ1. By Lemma 3.22, Γ2 is an exit hinge of Ann.
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By Corollary 3.18, any non-degenerate hinge of length γ ∈ (0, γ1] and angle θ ∈ (0, φ1], other than Γ2,
is covered by Ann◦. By Lemma 3.19, any non-degenerate hinge of length γ ∈ (0, γ1] and angle θ ∈ [φ2, pi),
other than Γ2, is covered by Ann
◦. By Proposition 3.8, φ1 = φ2 so that
(0, φ1] ∪ [φ2, pi) = (0, pi).
We conclude that Γ2 is the unique non-degenerate hinge with length γ ∈ (0, γ1] that is an exit hinge of Ann.
Thus Γ1 and Γ2 are the only shortest exit hinges of Ann.
Figure 3.33: The degenerate hinge Γ1 for an annulus with m = κ.
Figure 3.34: The symmetric non-degenerate hinge Γ2 for an annulus with m = κ.
3.2.7 The Shortest Exit Hinge for Thin Annuli
Now we assume that Ann is a thin annulus, that is an annulus with m ∈ (κ, 1), and prove that Γ2 is the
unique shortest exit hinge of Ann. By Proposition 3.21 and Lemma 3.22, Γ2 exists and is an exit hinge of
Ann.
Corollary 3.24. Given annulus Ann with m ∈ (κ, 1), let non-degenerate hinge Γ have length γ and angle θ
that satisfy 0 < γ ≤ γ2 and 0 < θ ≤ θ2. If Γ 6= Γ2, then Γ is covered by Ann◦.
Proof. The result follows by setting a = α2 and φ = θ2 in Lemma 3.17.
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Lemma 3.25. Given annulus Ann with m ∈ (κ, 1), let non-degenerate hinge Γ have length γ and angle θ
that satisfy 0 < γ ≤ γ2 and θ2 ≤ θ < pi. If Γ 6= Γ2, then Γ is covered by Ann◦.
Proof. By Proposition 3.21, the hinge Γ2 has θ2 ∈ (0, φ2) ∩ (φ1, pi/2) and γ2 ∈ (2(R− r), γ1). By Corol-
lary 3.16, if Γ has length γ ≤ 2(R − r), then Γ is covered by Ann◦. Thus for the remainder of the proof we
assume γ > 2(R − r) and hence β > R − r. Define U as the point in In and the first quadrant such that
d(Q,U) = min
{
β,
√
R2 − r2}. Then define φ
β
as the angle such that φ
β
/2 = ∠OQU . By the definitions of
function g and angle φ
β
, we have g
(
φ
β
) ≤ β with
g
(
φ
β
)
= d(Q,U) =

β if β ∈ (R− r,√R2 − r2)
√
R2 − r2 if β ∈ [√R2 − r2, 2√R2 − r2) .
Figure 3.35: The definitions of point U and angle φ
β
.
Let µ be the motion such that µ(C) = Q with µ(B) in ray
−−→
QU and µ(A) on the same side of line
←→
QU as
O.
Figure 3.36: Hinges with 2(R− r) < γ ≤ γ2 and θ ≥ θ2 under transformation µ.
Assume that ray µ
(−→
CA
)
does not intersect In. Let ν be a counterclockwise rotation about Q such that
the ray ν
(
µ
(−→
CA
))
is tangent to In in the second quadrant. By Lemma 3.19, if Γ has angle θ ≥ φ2, then Γ
is covered by Ann◦. Thus we assume that θ < φ2 and hence ray ν
(
µ
(−−→
CB
))
still intersects In. We conclude
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that ν
(
µ(Γ)
) ∩ ∂Ann = {Q}, and a downward translation motion, ρ, exists such that ρ(ν(µ(Γ))) ⊆ Ann◦.
Figure 3.37: A hinge Γ with µ
(−→
CA
)
that does not intersect In under transformation ν ◦ µ.
For the remainder of the proof we assume the ray µ
(−→
CA
)
intersects In.
Assume that α < R − r. Then the segment µ (CA) does not intersect In, and µ(Γ) ∩ ∂Ann = {Q,U}.
Then a motion σ exists that rotates counterclockwise about the midpoint of QU such that σ
(
µ(Γ)
) ⊂ Ann◦.
Figure 3.38: If µ(Γ) ∩ ∂Ann = {Q,U}, then Γ is covered by Ann◦.
Assume α ≥ R− r for the remainder of the proof.
Let V be the point in µ
(−→
CA
)
∩ In such that QV ⊂ Ann. Note that d(Q,V ) = g (2 (θ − φ
β
/2
))
=
g
(
2θ − φ
β
)
.
Figure 3.39: To prove that µ
(
CA
)
does not intersect In we show that α < g
(
2θ − φ
β
)
.
To complete the proof we need
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0 < 2θ2 − φβ ≤ 2θ − φβ = 2∠OQV ≤ φ2.
The only relation that is unclear is 0 < 2θ2−φβ . Since β > R−r, the angles φβ and 0 are distinct. Applying
the strict convexity of g(φ):
g
(
φ
β
2
)
= g
(
0 + φ
β
2
)
<
g(0) + g
(
φ
β
)
2
Applying α ≥ R− r = g(0) and the facts that g (φ
β
) ≤ β and γ2/2 = g (θ2) to give:
g
(
φ
β
2
)
<
g(0) + g
(
φ
β
)
2
≤ α+ β
2
=
γ
2
≤ γ2
2
= g (θ2)
Since g(φ) is strictly increasing on (0, φ2), we conclude that φβ/2 < θ2 or equivalently 0 < 2θ2 − φβ .
Now we show that α < d(Q,V ) = g
(
2θ − φ
β
)
; we start with:
α = γ − β ≤ γ2 − β = 2g (θ2)− β.
Assume that φ
β
6= θ2 so that 2θ2 − φβ 6= φβ . By the strict midpoint convexity of g(φ) we have:
α ≤ 2g (θ2)− β
= 2g
(
2θ2 − φβ + φβ
2
)
− β
< g
(
2θ2 − φβ
)
+ g
(
φ
β
)− β
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Using g
(
φ
β
) ≤ β and 0 < 2θ2 − φβ ≤ 2θ − φβ ≤ φ2, we have:
α < g
(
2θ2 − φβ
)
+ g
(
φ
β
)− β
≤ g (2θ2 − φβ)
≤ g (2θ − φ
β
)
Figure 3.40: Hinges of length γ ∈ (2(R− r), γ2] with µ
(−→
CA
)
intersecting In have µ(A) ∈ Ann◦.
Now assume that φ
β
= θ2. In this case we have β = α2. To satisfy Γ 6= Γ2, we have either α < α2 or
θ > θ2. If α < α2 we have
α < α2 = g (θ2) = g (2θ2 − θ2) = g
(
2θ2 − φβ
) ≤ g (2θ − φ
β
)
and if θ > θ2 we have
α ≤ α2 = g (θ2) = g (2θ2 − θ2) = g
(
2θ2 − φβ
)
< g
(
2θ − φ
β
)
.
We conclude that µ
(
CA
)
does not intersect In and the rotation motion shown in Figure 3.38, σ, exists
such that σ(µ(Γ)) ⊆ Ann◦.
Theorem 3.26 (Theorem 3.14 Part 3). Given annulus Ann, if m ∈ (κ, 1), then Γ2 is the unique shortest
exit hinge of Ann.
Proof. By Proposition 3.21, since m ∈ (κ, 1), Γ2 exists with γ2 < γ1. By Lemma 3.22, Γ2 is an exit hinge of
Ann. By Theorem 3.15, there are no degenerate exit hinges shorter than Γ2.
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By Corollary 3.24, any non-degenerate hinge of length γ ∈ (0, γ2] and angle θ ∈ (0, θ2], other than Γ2, is
covered by Ann◦. By Lemma 3.25, any non-degenerate hinge of length γ ∈ (0, γ2] and angle θ ∈ [θ2, pi), other
than Γ2, is covered by Ann
◦. We conclude that Γ2 is the only non-degenerate hinge with length γ ∈ (0, γ2]
that is an exit hinge of Ann. Thus Γ2 is the unique shortest exit hinge of Ann.
Figure 3.41: The hinge Γ2 is the shortest exit hinge for any annulus with m ∈ (κ, 1).
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Chapter 4
Orbiforms as Covers
4.1 Introduction and Definitions
Here we conclude with two theorems that concern covering families of curves with orbiforms. These theo-
rems follow from a theorem of Bezdek and Connelly [BC89], see Theorem 4.1 below. As remarked in the
introductions, the only proof known for Theorem 4.1 is lengthy and technically demanding. We provide a
short and simple proof for our first theorem. The proof of our second theorem depends on a very recent
publication.
Theorem 4.1 (Bezdek and Connelly). All orbiforms of width 1 are translation covers of the set of closed
planar curves of length 2 or less.
Recall that the width of a set is a function that takes a direction and gives the distance between two
associated parallel lines of support, see Definition 2.6.
Definition 4.2. An orbiform is a compact convex set in R2 that has constant width.
Definition 4.3. The set S ⊆ R2 is a translation cover of the family F of figures if for each figure F ∈ F
there exists a translation motion µ such that µ(F) ⊆ S.
If a set is a translation cover of a family of figures, any figure in the family may be inserted like a key
into the cover and then continuously rotated 360◦. For our results, we use covers, which allow a combination
of translations, rotations, and reflections to cover a given figure.
Definition 4.4. The set S ⊆ R2 is a cover of the family F of figures if for each figure F ∈ F there exists a
motion µ such that µ(F) ⊆ S.
Note that a cover of a family of figures need not be a translation cover of the same family.
We consider two families of curves, the set of all curves of length 1 and the set of all closed curves of
length 2. Since any curve of length 1 can be lengthened to a closed curve of length 2, a cover of the set of
all closed curves of length 2 is automatically a cover of the set of all curves of length 1. However, a cover
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of the set of all curves of length 1 is not necessarily a cover of the set of all closed curves of length 2. For
instance, despite the fact that the semidisk of diameter 1 is a cover of all curves of length 1 (as proven by
A. Meir, see Wetzel [Wet73]), the circle of circumference 2 is not covered by the semidisk.
4.2 Results
Our first theorem uses only classical references and very early results in the field of covers. Finch and Wetzel
[FW04] defined a set as fat if it contains a diametral 60◦ rhombus. Since the 60◦ rhombus of diameter d is
a cover for every path of length d or less (see Poole and Gerriets [PG73]), we show that All orbiforms are
fat. For easy comparison with Bezdek and Connelly’s theorem, we write:
Theorem 4.5. All orbiforms of width 1 are covers of the set of all planar curves of length 1 or less.
Proof. Let K be an orbiform of width 1. Let In and Out be the incircle and circumcircle of ∂K respectively.
We use the following results from Bonnesen and Fenchel [BF87]:
• In and Out are concentric and form the boundary of the minimal annulus of ∂K.
• Let C be the center of In and Out. There are points P and Q in ∂K such that P ∈ In, Q ∈ Out,
d(P,Q) = 1, and C ∈ PQ.
• The radius of In is greater than or equal to 1− 1/√3, the inradius of the Reuleaux triangle of width 1.
Let Rhom be the 60◦ rhombus with long diagonal PQ. Let S and T be the endpoints of the short diagonal
of Rhom. We note that S and T are in the interior of In. Thus {P,Q, S, T} is contained in K and hence
Rhom ⊂ K. By Poole and Gerriets [PG73], Rhom is a cover of the set of curves of length 1. The theorem
follows.
Figure 4.1: The orbiform K and 60◦ rhombus Rhom.
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The proof of our second theorem uses a cover defined in a 2018 publication, Wichiramala [Wic18]. Covers
discovered as recently as 2011 (see Fu¨redi and Wetzel [FW11]) would not suffice in a similar proof.
Theorem 4.6. The Reuleaux triangle of width 1 is a cover of the set of all closed curves of length 2.
Proof. Consider the hexagon Hex = conv{A,B,C,D,E, F} defined in [Wic18] and pictured below. As Hex
is defined, we have l =
√
pi2 − 4/pi, w = 2/pi, s1 = 0.2840342, t1 = 0.2963104, s2 = 0.1234282, and CD
parallel to AF . By [Wic18], Hex is a cover of the set of all closed curves of length 2.
Figure 4.2: The hexagon Hex and Reuleaux triangle R.
Consider the Reuleaux triangle, R, with width 1 and vertices X, Y , and Z such that X = B and Y is on
the perpendicular bisector of AB. Since d(B,E) = 1, E is on ∂R. Since Y is on the bisector of AB, A is on
∂R. Fix the lower left corner of the l × w rectangle enclosing Hex as the origin in R2. Then the center, W ,
of R has coordinates:
W =
(
3
4
l +
1
4
s1 −
√
3
12
√
4− (l − s1)2 , 1
4
√
4− (l − s1)2 −
√
3
12
(l − s1)
)
.
The points C, D, and F are contained in R since the distance of each point from W is less than 1− 1/√3,
the inradius of R. We conclude that Hex is contained in R and the result follows.
Figure 4.3: The incircle of R with points C, D, and F .
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Chapter 5
Conclusions and Conjectures
5.1 Conclusions
As an introduction, we discussed the broadworm and how its shape was the answer to two questions that
are dual for breadth:
• What is the broadest curve of length one?
• What is the shortest exit path of an infinite strip of breadth one?
We have shown that the broadest hinge of any given length is Γ1/3 and the shortest exit hinge for a given
annulus is either Γ1, Γ2, or both. It is clear that Γ1, Γ2, and Γ1/3 have fundamentally different shapes.
However, the broadest symmetric hinge of annular width one, Γ1/2 , is non-degenerate and symmetric, as is
Γ2. We verify that they have different shapes by comparing their angles: the angle of Γ2 ranges from about
42.9◦ up to 60◦ while the angle of Γ1/2 is about 23.9
◦. It is interesting to note that the minimum angle for Γ2,
which occurs for the neutral annulus with modulus m = κ, is identical to the angle of Γ1/3 . This correlation
occurs because the minimal annulus of Γ1/3 centered at its center of circularity is a neutral annulus.
Since Γ1 is degenerate, its annular breadth is zero. The annular breadth of Γ2 is equal to its circularity
and ranges from about 0.170γ2 when θ2 ≈ 42.9◦ to about 0.144γ2 when θ2 ≈ 60◦. These annular breadths
are easily surpassed by the annular breadths of Γ1/2 and Γ1/3 which are approximately 0.203γ and 0.227γ
respectively. However, we have shown with the exception of the shortest exit hinge(s), the interior of a given
thick or neutral annulus covers all hinges of length less than or equal to γ1 while the interior of a given thin
annulus covers all hinges of length less than or equal to γ2. Therefore, if Γ1/2 and Γ1/3 are scaled to have a
length less than or equal to the length of the shortest exit hinge of the given annulus, they are covered by
the interior of the given annulus.
We conclude that our questions are no longer dual when considering annular breadth.
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5.2 Further Exploration
There are several ways to modify or expand the concepts presented here. The overall setting and definitions
can be easily translated to R3, Rn, or the surface of a sphere. We could consider sets similar to annuli
but with different shapes and/or non-concentric boundaries. Staying in the present setting, restrictions can
be made on the annuli in question by fixing one of r, R, or m. Alternatively, we may consider 3-, 4-, or
n-segment polygonal arcs. We briefly explore the effect of considering 3-segment arcs below.
5.2.1 Curves with Maximal Annular Breadth
In the search for a curve with maximal annular breadth, little headway has been made. Showing that Γ1/3
has the greatest annular breadth of all hinges provides a lower bound for the maximal annular breadth of a
curve of length one, about 0.227. However, considering 3-segment polygonal arcs quickly produces a curve
with a larger annular breadth. Consider the unit polygonal arc Z1 with three equal-length segments situated
in a z-shape configuration with angles at 60◦.
Figure 5.1: A 3-segment polygonal arc with larger annular breadth than Γ1/3 .
Using the concepts we developed, we can determine that Z1 has an annular breadth of
√
3/6 ≈ 0.289. If
there is a 3-segment unit arc, or any other unit length curve for that matter, with a greater annular breadth
than
√
3/6, it remains elusive. However, if a unit length curve with a greater annular breadth exists, the
existence of Z1 suggests a shape less like the broadworm and more like a z-shape.
5.2.2 Exit Paths of Annuli
Having shown that Γ1 is always an exit hinge and Γ2 is a shortest exit hinge for neutral and thin annuli,
we have found upper bounds for the length of the shortest exit path of any given annulus. Considering
3-segment polygonal arcs, an improvement can be made. Using a construction similar to the one found in
Panraksa, Wetzel, Wichiramala [PWW07a] for infinite strips, we find the 3-segment arc shown in Figure 5.2.
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In the figure, we have an annulus with inner radius r = 1 and modulus m ≈ 0.83 where the length of Γ2 is
about 0.472 and the length of the pictured 3-segment arc is about 0.469. It is interesting to note that the two
shorter segments of this 3-segment arc have different lengths while those of the arc identified in [PWW07a]
have the same length.
Figure 5.2: A 3-segment arc shorter than Γ2.
It is our conjecture that as we add more segments, we will continue to find shorter exit arcs. As the number
of segments tends toward infinity, we anticipate we will find arcs similar in shape to the broadworm but
altered slightly depending on the modulus of the annulus. As the modulus of the annuli tend to 1, we
anticipate that the shape of this curve will tend toward the shape of the broadworm.
Note that the same construction method produces a 3-segment arc shorter than the length of Γ1 and Γ2
for neutral annuli as well.
Figure 5.3: A 3-segment arc shorter than Γ1 and Γ2 in a neutral annulus.
This suggests that shorter exit paths can be found for at least some thick annuli. However, it is our conjecture
that there is a subset of thick annuli where Γ1 will remain the shortest exit path.
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Appendix A
The Continuity of w(E)
We defined the extended Euclidean plane, R2, in Definition 2.1. Then in Definition 2.5, we defined the
annular width, w(E), for a given compact set S ⊂ R2 as a function from R2 to [0,∞).
Lemma .1. For a given compact set S ⊂ R2, w(E) is continuous on R2.
Proof. We break the proof into continuity over R2 and continuity over ∂R2.
Claim 1. For a given compact set S ⊂ R2, w(E) is continuous on R2.
Fix E ∈ R2 and consider Ann(E). Since E ∈ R2, Ann(E) will be an annulus with finite radii and
w(E) = R(E)− r(E). For δ > 0 define a point Eδ such that d(E,Eδ) < δ.
By the definition of Out(E) (see Definition 2.4), we know there exists a P ∈ S ∩Out(E) so that R(E) =
d(P,E). Since P ∈ S ⊆ Bout(Eδ) (see Definition 2.2), we also have d(P,Eδ) ≤ R(Eδ). Combining these two
facts with the triangle inequality gives:
R(E)−R(Eδ) = d(P,E)−R(Eδ)
≤ d(P,Eδ) + d(Eδ, E)−R(Eδ)
≤ R(Eδ) + d(Eδ, E)−R(Eδ)
= d(Eδ, E)
< δ
By the definition of Out(Eδ), we know there exists a Q ∈ S ∩ Out(Eδ) so that R(Eδ) = d(Q,Eδ). Since
Q ∈ S ⊆ Bout(E), we also have d(Q,E) ≤ R(E). Combining these two facts with the triangle inequality
gives:
R(E)−R(Eδ) = R(E)− d(Q,Eδ)
≥ R(E)− (d(Q,E) + d(E,Eδ))
≥ R(E)− (R(E) + d(E,Eδ))
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= −d(E,Eδ)
> −δ
Thus for any δ > 0 we must have |R(E)−R(Eδ)| < δ.
Figure 4: The triangle inequalities used to prove |R(E)−R(Eδ)| < δ.
We use |r(E)− r(Eδ)| < δ which is proven with similar arguments.
Figure 5: The triangle inequalities used to prove |r(E)− r(Eδ)| < δ.
Then for δ = /2: |w(E)− w(Eδ)| = |R(E)− r(E)− (R(Eδ)− r(Eδ))|
≤ |R(E)−R(Eδ)|+ |r(E)− r(Eδ)|
< δ + δ = 
Claim 2. For a given compact set S ⊂ R2, w(E) is continuous on ∂R2.
We use the closed hemisphere from Definition 2.1. With E ∈ ∂R2 let Z be the corresponding equatorial
point on the closed hemisphere. Define Y ∈ S1 such that the ray −−→OY corresponds to the circular arc
connecting the origin and Z in the closed hemisphere.
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With dH the intrinsic metric on the hemisphere, define the point Zδ such that dH(Z,Zδ) < δ and let Eδ
be the corresponding point in R2. Further define Yδ as the point in S
1 that intersects the ray corresponding
to the circular arc through the origin and Zδ in the closed hemisphere.
We observe that ∠Y OYδ < δ.
Figure 6: If dH(Z,Zδ) < δ, then ∠Y OYδ < δ.
Also, if Eδ ∈ R2, then d(O,Eδ) = |Eδ| > cot δ.
Figure 7: If Eδ ∈ B(E, δ; dE), then |Eδ| > cot δ.
Proposition 2.7 gives
|w(E)− w(Eδ)| = |wc(Y )− w(Eδ)|.
If Eδ ∈ ∂R2, then w(Eδ) = wc(Yδ). Then for any given  > 0, the continuity of the wc(Y ) function on S1 (a
well known fact), lets us choose δ1 > 0 so that ∠Y OYδ < δ1 implies
|w(E)− w(Eδ)| = |wc(Y )− wc(Yδ)| < .
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Now assume that Eδ ∈ R2. We make the following manipulations:
|w(E)− w(Eδ)| = |wc(Y )− w(Eδ)|
= |wc(Yδ)− wc(Yδ) + wc(Y )− w(Eδ)|
≤ |wc(Yδ)− w(Eδ)|+ |wc(Y )− wc(Yδ)|
Applying the continuity of wc(Y ) again lets us choose δ2 > 0 so that ∠Y OYδ < δ2 implies
|w(E)− w(Eδ)| ≤ |wc(Yδ)− w(Eδ)|+ |wc(Y )− wc(Yδ)|
< |wc(Yδ)− w(Eδ)|+ 
2
It remains to show that we may choose a δ3 > 0 so that if dH(Z,Zδ) < δ3 then |wc(Yδ)−w(Eδ)| < 
2
. Then
letting δ = min{δ1, δ2, δ3} completes the proof.
Consider the line through O and Eδ, say `. Since S is compact, we may fix M > 0 so that S is contained
in the ball of radius M centered at the origin. We conclude that d (`, S) < M for all S ∈ S. We use this M ,
the support function for S, and unit vector −⇀u = −−⇀OYδ to establish the following bounds:
|Eδ| − h (−⇀u ) ≤ r (Eδ) ≤
√
(|Eδ| − h (−⇀u ))2 +M2
and
|Eδ|+ h (−−⇀u ) ≤ R (Eδ) ≤
√
(|Eδ|+ h (−−⇀u ))2 +M2.
Figure 8: The bounds for r(Eδ) and R(Eδ).
This, in turn, puts the following bounds on w(Eδ):
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|Eδ|+ h (−−⇀u )−
√
(|Eδ| − h (−⇀u ))2 +M2 ≤
w (Eδ) = R (Eδ)− r (Eδ) ≤√
(|Eδ|+ h (−−⇀u ))2 +M2 − (|Eδ| − h (−⇀u )) .
Subtracting wc(Yδ) = h (−−⇀u ) + h (−⇀u ) from each term gives:
|Eδ| − h (−⇀u )−
√
(|Eδ| − h (−⇀u ))2 +M2 ≤
w (Eδ)− wc(Yδ) = R (Eδ)− r (Eδ)− (h (−−⇀u ) + h (−⇀u )) ≤√
(|Eδ|+ h (−−⇀u ))2 +M2 − (|Eδ|+ h (−−⇀u )) .
Note that the outside terms in this last inequality each contain expressions of the form
√
x2 +M2 − x
and
lim
x→∞
√
x2 +M2 − x = 0.
Thus there exists an N > 0 where having both |Eδ| − h (−⇀u ) and |Eδ|+ h (−−⇀u ) greater than N implies that
|w (Eδ)− wc(Yδ)| ≤ 
2
.
Note that |Eδ|−h (−⇀u ) < |Eδ|+h (−−⇀u ) so that it is sufficient if |Eδ|−h (−⇀u ) > N . A quick manipulation
gives |Eδ| > N + h (−⇀u ). Using the fact that h (−⇀u ) < M , we complete the proof by choosing a δ3 ∈ (0, pi)
such that |Eδ| > N +M by letting cot δ3 = N +M .
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